Abstract
Introduction
The normalized Laplacian [9] is a variant of the Laplacian which is normalized by the degree of In addition, a graph can also be represented by its distance matrix Q ∈ R n×n , with Q ij = 143 d(i, j), the (weighted or unweighted) graph distance between i and j, and in particular, Q ii = 0.
144
As proposed in [35] , it is also possible to apply the (regular or normalized) Laplacian transfor-145 mation to the distance matrix (by treating the distance matrix as a weighted adjacency matrix)
146 to obtain alternative matrix representations of a graph.
147
Widely studied graph properties fall into two broad classes. The first are shape properties,
148
concerned with various connectivity measures of the graph, such as the numbers of distinct 149 paths connecting pairs of nodes and the average or longest distance between a pair of nodes.
150
Some of these properties do not depend on the edge weights of the graph, in which case we refer 151 to them as topology properties; we use the term shape property as a broad term that includes 152 both topology properties and properties that take edge weights into account. The second are 153 spectral properties, concerned with the eigenvalues (and occasionally eigenvectors) of matrices 154 representing the graph, such as the adjacency, Laplacian, and normalized Laplacian. 
Definitions related to trees

156
A tree is a connected acyclic graph. It can be shown that a tree with n nodes has n − 1 edges, descendants of a node u including u itself forms a clade; we say that u subtends this clade. The 169 subtree rooted at u, denoted T u , is the clade that u subtends together with all the edges of T 170 connecting its elements. If a node u has two children v and w, we may arbitrarily refer to them
171
as the left and right child of u, and call T v and T w the left and right subtree of u, respectively.
172
A tree T with root node r can be rerooted at an internal node s = r, by simply designating 173 s rather than r as the root. This changes only the ancestor-descendant relationships, but not 174 the topology of the tree. Note that if T is a binary tree with root r, T rerooted at s = r will 175 not be binary because s will have three children while r will have only one child after rerooting.
176
However, this situation is often resolved by specifying a branching order, i.e. creating a new 177 node t that is the parent of two children of the new root s, and adding an s − t edge of length 178
0. An analogous procedure, called "multichotomy resolution", may be iteratively applied to any 179 other internal nodes with a degree greater than 2 to turn any non-binary tree into a binary tree.
180
A molecular phylogeny, or phylogenetic tree, is a binary rooted tree whose tips correspond 181 to genetic or genomic sequences, and whose internal nodes represent their inferred common 182 ancestors. A phylogeny therefore represents the ancestral relationships among a set of genomes.
183
The shape of a phylogeny tells the story of an evolutionary history going back through time to 184 the most recent common ancestor at the root of the tree (see Figure 1 (a)). Figure 1: (a) An example tree. In the epidemiological context, tips (a − g) would correspond to pathogen sequences and internal nodes (A − F ) to their inferred common ancestors. Node D subtends a "cherry" configuration, and node C subtends two cherries (a "double cherry"). The heights of the internal nodes are 1 (E, F ), 2 (C, D), 4 (B) and 8 (A), so the diameter is 16 and the Wiener index is 484, for a mean path length of 6.21.
(b) Same tree with betweenness centrality values at each node (note that branch lengths do not change them). The tree has betwenness centrality 45.
(c) Same tree with farness (reciprocal of closeness centrality) values at each node. The tree has closeness centrality 1/48. (d) Same tree with eigenvector centrality values (scaled to have a minimum of 1) at each node, rounded to 3 significant figures. Here, the leading eigenvalue is λ = 9.05. By our definition, the tree has eigenvector centrality 714/1023 = 0.698 (here, 1023 2 is the sum of the squared values).
Data and simulations
186
HIV/Dengue/Measles We obtained Newick tree strings corresponding to phylogenies inferred 187 from human and zoonotic RNA viruses from a previous study. virus phylogenies were rooted using a genotype D6 sequence as the outgroup. The GenBank [4] 199 accession numbers for all outgroups can be found in Table S1 in the Supplementary Materials.
200
HIV in three settings We obtained HIV-1 sequence data from three published studies. The 
217
Simulated tree models We simulated trees from four random processes: a Yule process
218
(pure birth trees), a "biased" model of Kirkpatric and Slatkin [31] in which speciation rates 219 are unevenly assigned to a node's descendants with a bias (here 0.3), and a two constant rate 220 birth-death processes, with the basic reproduction number (mean of the offspring distribution) 221 equal to 1.5 and 3. We created sets of 100 trees with 100 tips and separately with 300 tips.
222
The apTreeshape package was used to simulate the Yule and biased models; tree shapes were 223 converted to phylogenetic trees using the as.phylo function. We used the TreeSim package for 224 the birth-death models. Because in sim.bd.taxa (in TreeSim) the simulations are conditioned 225 on having a fixed number of extant tips, we created trees with 300 or 600 extant tips and 226 randomly pruned taxa to leave a tree of 100 or 300 tips, modelling partial sampling over time.
227
As some scenarios can be distinguished simply by comparing the branch lengths of the corre-228 sponding trees, we normalized the time scales so that each of our trees has a mean branch length 229 of 1. This ensures that any differences we observe between the summary statistics in different
230
classes are not simply due to scaling. We did not, however, modify the variances of the branch 231 length distribution, as those may contain some of the signal picked up by summary statistics.
232
In total, there are 5 scenarios in which we compare trees: HIV/Dengue/Measles (HDM),
233
influenza (2-year USA, 5-year global, 12-year global), HIV contexts (labeled WNH after the first 234 author names of the corresponding publications), simulated trees with 100 tips ('Simulated')
Shape features 241
We computed a range of topological and spectral summary features of the viral phylogenies
242
(see Table 1 for the definitions and references for each one). Our focus here is on some of the 243 novel tree topology summary statistics, but we also include a number of standard statistics for 244 comparison. All input trees were binary and rooted, and all branch lengths were non-negative,
245
although many of the trees had zero-length branches. All comparisons involved trees on the 246 same number of tips.
247
For the node properties derived from network science, we focus our discussion on the maximum another for large n (see section 6.4 in the Supplementary Materials for details).
261
We now discuss those network science-inspired features that are informative for phylogenetic 262 trees. The diameter (the maximum length of a shortest path) is a useful summary statistic. For general 265 trees with N nodes, it can be calculated in linear time using a "folklore" dynamic programming 266 algorithm, and its value can vary between 2 for the star and N − 1 for the path of length N .
267
For phylogenetic trees with N = 2n − 1 nodes, the range is from 2 log(n) to n. The exact 268 maximum and minimum values, as well as the trees attaining them, and the distribution for 269 N = 45 (n = 23), are described in Figure S10 in Supplementary Materials.
270
The average shortest path length of a tree may also be informative. Unlike for general graphs,
271
it can be calculated in linear time in a tree with N nodes using dynamic programming [44] . The 272 sum of all shortest path lengths between pairs of nodes in a tree is known as the tree's Wiener 
279
Based on their distributions for small phylogenetic trees, shown in Figure S12 Betweenness centrality associates to each node v in a graph the number of pairs u, w ∈ V − {v} 292 such that the shortest u − w path passes through v; in other words,
Betweenness centrality can be normalized by the number
of all pairs u, w ∈ V − {v}, betweenness centrality of an internal node v is simply Π i<j n i n j , where n 1 , . 
305
In a phylogenetic tree, the degree is 1 for a tip, 2 for the root and 3 for internal nodes, so 306 the betweenness centrality is respectively 0, n 1 n 2 or n 0 n 1 + n 0 n 2 + n 1 n 2 in those cases, where n 1 307 and n 2 are the sizes of the left and right subtrees of the node and n 0 is the number of nodes 308 outside the subtree rooted at this node. This can easily seen to be maximal when n 0 = n 1 = n 2 , 309 a situation that does not occur in every tree, but is only possible in those with N ≡ n ≡ 1 310 mod 3. The betweenness centralities are shown for all the nodes of an example tree in Figure   311 1 (b 
Closeness centrality
320
Closeness centrality associates to each node v in a graph the inverse of the sum of its distances 321 to all the other nodes in the graph. In other words,
The definition means that closeness centrality is inversely proportional to farness, the sum of 323 distances from a node to all the other nodes in the graph; hence, it will be small for centrally holds for all nodes simultaneously with the largest possible λ. In other words, e is the Perron-
344
Frobenius eigenvector of the graph's adjacency matrix. Since this vector is only defined up to a 345 constant, we use the default normalization, which takes it to be a unit vector in the Euclidean 346 norm. We show an alternative normalization, which makes the minimum entry 1, in Figure 1 347 (d).
348
Eigenvector centrality is closely related to the adjacency matrix-based spectral methods we 349 discuss below. Since the adjacency matrix of a phylogenetic tree with n tips has exactly 4n trees with N = 45 (n = 23), is shown in Figure S15 in the Supplementary Materials. 
368
Since trees are bipartite graphs, the spectra of their adjacency matrices are symmetric around bold those values which remain significant at the α = 0.05 level after this correction.
405
Most of the statistics do not vary much between the three viruses in Figure 2 (red boxplots).
406
Distinguishing the topologies in these groups of trees requires tools going beyond the tradi- 
417
The green boxplots in Figure 2 show the tree summaries for influenza in three scenarios. It magnitude. In addition, the LM spectral statistics are quite discriminating for these scenarios, 425 though none of them is able to do so in a statistically significant way. Figure 6 shows a random 426 tree from each group, and differences between the shapes of the flu trees are not immediately 427 apparent by eye.
428
The blue boxplots in Figure 2 show the summaries for small trees (100 tips) in the four 429 simulated settings. This time, only the closeness centrality, the diameter, and the mean path,
430
as well as the number of cherries, the Sackin and Colless imbalances, the maximum height, the 431 to differentiate every pair of these scenarios in a statistically significant way.
433
In contrast, the cyan boxplots in Figure 3 show that large trees in the same simulated settings in width (delW). This suggests that it is strictly easier to discriminate larger trees than it is to 437 discriminate smaller trees. (which is the same whether it is weighted or unweighted) and densityMax coming close behind.
452
In the remaining three scenarios (third, fourth and fifth panels), closeness centrality is the only 453 statistic consistently in the top 3 highest mutual information with the model category or scenario. statistic is sufficient to consistently capture the diversity of tree topologies.
499
It is highly likely that investigators will need to use multiple summary measures to resolve 500 biologically meaningful differences among phylogenies. This is a problem of feature selection. many established measures of tree shape) can be adapted to the data using a genetic algorithm.
509
The underlying evolutionary or epidemiological process may affect tree topologies, but they 510 are likely also to be affected by sampling density and uniformity, geographical constraints and 511 population structure, ecological dynamics and host contact structure (in the case of pathogens).
512
Our results point to the important role of tree topologies as a vehicle for obtaining informa-513 tion about some of these underlying processes. Biased 300 Yule 300 R0 1.5 100 R0 3 100
Figure 6: A randomly sampled tree from each scenario (except HIV in the 3-virus comparison because HIV is represented in three other trees). To allow for focus on tree shape rather than on branch lengths, trees have been visualized with branch lengths set to 1. Table S2 : p-values for pairs of scenarios in Figure 2 .
Genbank accession numbers for outgroups
Wolf-Hunt Hunt-Novitsky Wolf-Novitsky Yule 300-Biased 300 Yule 300-R0 1.5 300 Yule 300-R0 3 300 Biased 300-R0 1.5 300 Biased 300-R0 3 300 R0 words, the subset tree does not have to extend out to the tips of the parent tree.
709
A subset tree is completely defined by its branching order if we rotate branches of the tree 710 (so-called "ladderization") so that all branching events occur preferentially to one side. For a 711 tree of even modest size, the number of all possible subset trees is extremely large; the space 712 of all possible subset trees is even more immense. Clearly, it is not feasible to exhaustively 713 enumerate the appearance of every possible subset tree for a given observed tree.
714
The kernel trick is a well-established technique in machine learning that provides an efficient trees into a high dimensional space with convenient properties for machine learning.
719
We applied this kernel method to the data sets examined above with the following parameter in Figure S3 below.
738
We observed a similar situation in the case of the other three datasets, in which the first Figure S1 : Kernel PCA plots of first four principal components illustrating the separation of HIV (green), Dengue (red) and Measles (blue) virus phylogenies by a tree kernel method.
Calculating the (degree) assortativity of a phylogenetic tree
745
Consider a phylogenetic tree on n tips as a graph. Its degree assortativity is the Pearson 746 correlation between the degrees of the sources (heads) and targets (tails) of its edges. We direct 747 each edge away from the root, towards the tips. We show below that for n ≥ 4, only two values 748 of the assortativity coefficient can occur (only one such value can obviously occur for n ≤ 3).
749
We make use of the following formula for the Pearson correlation between x ∈ R N and y ∈ R N :
Based on this formula, we note that only two options can occur; the first option is when the root's children are both internal nodes, and the second option is when one of its children is a tip and the other, an internal node (which occurs when, for instance, there is an outgroup in the data). In the first case, we use since there are exactly n edges going from an internal node to a tip, 2 edges from the root to 751 an internal node, and n − 4 edges from an internal node to another internal node. An easy 752 calculation then yields
where A 1 denotes the directed degree assortativity, calculated by substituting x and y directly 754 into the formula above, while A 1 denotes the undirected degree assortativity, calculated by an edge from i to j and once as an edge from j to i.
758
In the second case, where the root has a tip as one of its children, the degree sequences are 
We note that lim n→∞ A 1 (n) = 0 = lim n→∞ A 2 (n) and lim n→∞ A 1 (n) = −1/3 = lim n→∞ A 2 (n). The distribution of diameters for n = 23 tips ranges from 8 to 23, with a mean of 14.147. Figure   762 S10 shows the distribution of all the diameters, together with one of the trees achieving the 763 minimum and maximum values of the diameter, respectively.
764
The distribution of Wiener indices for n = 23 tips ranges from 5382 to 8778, with a mean 765 of 6516.541. Figure S11 shows the distribution of all the diameters, together with the trees 766 achieving the minimum and maximum values of the Wiener index, respectively.
767
Figure S12 illustrates all 6 phylogenetic trees on n = 6 tips with their Wiener index and 768 diameter, arranged in increasing order of the Wiener index, with ties broken by the diameter. The distribution of maximum betweenness centrality values for n = 23 tips ranges from 505 to 771 645, with a mean of 587.592. Figure S13 shows the distribution of all the maximum betweenness 772 centrality values, together with one of the trees achieving the minimum and maximum values,
773
respectively.
774
The distribution of maximum closeness centrality values for n = 23 tips ranges from 143 775 to 285, with a mean of 189.920. Figure S14 shows the distribution of all the maximum close-
776
ness centrality values, together with the trees achieving the minimum and maximum values,
777
778
The distribution of maximum eigenvector centrality values for n = 23 tips ranges from 0.2324 779 to 0.4336, with a mean of 0.3573. Figure S15 shows the distribution of all the maximum eigen- betweenness centrality is n 0 n 1 + n 0 n 2 + n 1 n 2 . We maximize this quantity subject to the 
804
In summary, the maximum is attained when |n 0 − n 1 | ≤ 1, |n 0 − n 2 | ≤ 1, |n 1 − n 2 | ≤ 1. We 805 call a node which satisfies this condition a tricenter of the tree. Not all trees have one -
806
for instance, the complete binary tree on n = 4 tips does not have one. The uniqueness of 807 a tricenter follows from the uniqueness of the centroid, proven as part of the next result.
808
Furthermore, the value of betweenness centrality at a tricenter is close to
, while having 809 n 0 = 0 (as would be the case for the root) results in a value of at most
, which is clearly 810 suboptimal. Lastly, it is also clear that n 1 = n 2 = 0 (as would be the case for any tip) 811 results in a betweenness centrality value of 0, the minimum possible. Figure S6 : PCA biplots illustrating the separation among HIV phylogenies sampled from by using tree shape statistics.
centroid. For the first part, let us consider the tree T (which will not be binary if u is not 815 the root) obtained by rerooting T 0 at u. Note that the distances in T are equal to the 816 distances in T 0 . To make things general we consider a tree with branch lengths (weights).
817
Let v be any child of u in T . Note that d(v, x) = d(u, x) − w(uv) for any node x in the subtree T v rooted at v, and d(v, x) = d(u, x) + w(uv) for any node x outside T v (including u itself). If we denote by F (x) the farness of a node x, then
This recurrence is in fact the basis for a linear-time algorithm for computing F (x) for all 818 nodes x in T 0 , starting from the root. Recall that w(uv) > 0 by assumption. Therefore,
819
in order for F (u) to be the smallest farness, we must have
since N = 2n − 1 is odd, and in fact, the inequalities must be strict. It follows that the 821 subtree T v of T rooted at any child v of u must contain fewer than half of all the nodes; 822 therefore, u must satisfy the definition of a centroid. We note that two closely related 823 results appear in the work on 1-medians of tree networks [21] .
824
It remains to show that the centroid exists and is unique in a phylogenetic tree. For the 
Lastly, we note that for any internal node v, there is some tip w such that the path from 839 v to w strictly increases in farness; indeed, it is sufficient to always pick the child of the 840 current node whose subtree contains fewer than half of all the nodes, by equation (1).
841
Therefore, the maximum farness is attained at a tip, not at an internal node.
842
To connect the concepts of centroid and tricenter, we note that a tricenter, if one exists,
843
is also a centroid, by definition; in particular, a tricenter, if it exists, is always unique; 844 however, a phylogenetic tree always has a centroid, while it may not have a tricenter. centrality, which is therefore attained at an internal node.
850
6.8 The distance Laplacian spectrum does not uniquely define a tree
851
We give an example of a pair of trees on n = 3 tips, with different branch lengths, whose distance
852
Laplacian matrices are co-spectral. We obtained them by exploring all possible integer branch Figure S9 : PCA biplots illustrating the separation among phylogenies simulated from a biased model (red), a Yule model (purple) and two birth-death models (green and blue) by using tree shape statistics.
the smallest possible total length and admitting a co-spectral tree, the second tree, with respect 858 to the distance Laplacian matrix.
859
The first tree has branch lengths a = 2 from the root to the first tip, b = 2 from the 860 root to the internal node, and c = d = 1 from the internal node to the remaining two 6.9 Distance Laplacian spectra do determine small unweighted trees
867
We created a computer program to exhaustively test whether any pair of distinct phylogenetic 868 trees had identical distance Laplacian spectra. The trees were generated by the method proposed Lastly, we were able to augment the tree generation algorithm with an additional set of instruc-
883
tions that allowed us to also compute the Wiener index while retaining the constant amortized 884 time complexity.
885
In this manner, we pre-computed the distribution of the Wiener indices, decided on a split 886 of the trees between processes, and limited the spectral comparisons to those within the same 887 process. We performed the comparisons themselves in two passes; in the first pass, all trees with 888 appropriate Wiener index were generated and their highest and lowest eigenvalue stored in a 889 large matrix; in the second pass, only those trees that had at least one match were re-generated,
890
and their full spectra compared. The computation for n = 32 tips, involving 7.86 billion trees 891 split between 10 processors, required approximately 2 weeks of computation on a cluster, and 892 did not produce any co-spectral trees, although some of the spectra were within 0.01 distance 893 in the max norm (L ∞ ). The tree with maximum closeness centrality (c) Figure S15 : The distribution of maximum eigenvector centralities for phylogenetic trees on n = 23 tips, with two extremal trees Figure S16 : The 6 phylogenetic trees on n = 6 tips, with their betweenness, closeness, and eigenvector centrality
